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Tensors are Everywhere

Tensors
* Multi-dimensional arrays
* Tensors are effective tools to represent multi-aspect data.
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Ex) Taxi origin-destination data Ex) Indoor sensor data




Tensor Streams

Tensor Streams

* In many applications, tensor data are usually collected incrementally over
time in the form of a tensor stream.
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Missing Values and Outliers in Real-world Tensor Data

e Real-world tensor streams often include missing entries (e.g., due to network
disconnection) and unexpected outliers (e.g., due to system errors).
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Ex) Taxi ride origin-destination tensor Ex) Indoor sensor record tensor




Questions

Given that real-world tensor streams with missing values and outliers

@ How can we estimate the missing entries?

@ Can we also predict future entries?

Can both imputation and prediction be performed accurately
in an online manner?




Traditional Methods and Their Limitations

« CANDECOMP/PARAFAC (CP) Factorization of Incomplete Tensors

Consider: X € Rllx“'XIN’ (V= RIleXIN, rank R . 1 ifxil...l-N is known,
* Qi-iy T if x;,...;,, is missing.

To Find: factor matrices UV, ... UMW)

Minimize: 2[|2 ® (@ - [U®, -, u™ ]|
where [[U(l)’ ,U(N)]] — 25=1 U(l)(:’r) 0 e+ 0 U(N)(:,T').

Ex) 3-order tensor case 5
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X Limitations of standard CP factorization
X « Does not handle tensor streams
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Traditional Methods and Their Limitations (cont.)

Holt-Winters Forecasting Algorithm (Exponential Smoothing)

 Decomposes time series into level, trend (slope), seasonality components

* Using three components, it can forecast future evolution of the time series.

Visitor nights (millions)

International visitors nights in Australia

2010
Year

From Hyndman, Rob J., and George Athanasopoulos. Forecasting:
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Forecasting equation:
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Does not handle missing values

 Vulnerable to outliers

>< Limitations of standard Holt-Winters Method




In this work

We propose SOFIA, a CP factorization-based streaming algorithm for real-world
tensors with missing entries and outliers.

@ Questions ) ) \

How can we estimate the missing entries?
P -
@ Can we also predict future entries?

A
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Problem Definition: Imputation & Forecasting

* Given:
* A sequence of incomplete and noisy subtensors
* Estimate:

e Missing entries in the subtensors (imputation)
e Future values of the tensor stream | )

* To minimize:
* Imputation and forecasting error

Current input Future streams

<

Estimate the value of missing entries
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Proposed Tensor Factorization Model

Temporal properties in real-world tensor streams.

For static tensors 1. Temporal smoothness
2. Seasonal smoothness

* Input
= Corrupted tensor: Y € RN (Y = X + 0)
« . E E E
° Optlmlzatlon PrObIem t:r;%%rraaglesmoothness sgacsc,)cl:r::lgSmoothness SS;%?t?%ioutliers
. 2 2
ming o 18@ (Y =0 =0l +Ha [LiU®|? 22 LU ™ |2 +{25 01,
n=1’
* Output A ‘
1 -1
_ b

N-1
" Non-temporal factor matrices: {U(”)}n=1

1 _1 ces
» Temporal factor matrix: UN) (Temporally and seasonally smooth) t-| ' " 7"« ¢ ‘
= Qutlier tensor: O | S

X m: seasonal period




Proposed Tensor Factorization Model (cont.)

For dynamic tensors

* Input
= Sequence of corrupted subtensor: Y, € Rt *In-1 (Y, = X, + O,), wheret = 1,2, -

* Optimization Problem

m At each time t, Encourage Encourage Encograge .
temporal smoothness seasonal smoothness  sparsity of outliers
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Q. How to solve the optimization problem

* Output _ _ _
incrementally in an online manner?

N—-1
*= Non-temporal factor matrices: {U(”)}n=1

* Temporal factor vectors: ugN), where t = 1, 2, --- (Temporally and seasonally smooth)
* Qutlier tensor: Oy, wheret =1, 2, ---




Proposed Optimization Algorithm

* SOFIA’s optimization algorithm consists of three steps.

1. Initialization
2. Fitting the Holt-Winters model
3. Dynamic Update



SOFIA - Stepl. Initialization

N
* Initialize all the factor matrices {U(n)}n=1 by solving the batch optimization problem using
a subset of the corrupted tensor data over a short period of time (e.g., 3 seasons).

Ex) 3-order tensor case
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SOFIA - Stepl. Initialization (cont.)

Procedure:

4 SOFIA Initialization

INput: Yinge
Initialization: {U(")}:zl,(?mit

While {U(")}:=1 does not converge:
= Reject Outliers, Yt — Ot
* Update {U™}"_ by SOFIA,
= Update 0;,,;;

N
\Output: (UM}, Oinit

~

X SOFIA, <. the alternating least squares (ALS)
method to minimize the objective function in
the batch scenario.

Ex) 3-order tensor case



SOFIA - Stepl. Initialization (cont.)

Procedure:

4 SOFIA Initialization

INpUt: Yinie
Initialization: {U(")}:zl, Oinit

While {U(n)}:=1 does not converge:
= Reject Outliers, Y;nit — Oy 4=
* Update {U™}"_ by SOFIA,
= Update 0;,,;;

N
\Output: (UM}, Oinit

~

X SOFIA, <. the alternating least squares (ALS)
method to minimize the objective function in
the batch scenario.

Ex) 3-order tensor case

Oinit




SOFIA - Stepl. Initialization (cont.)

Procedure:

4 SOFIA Initialization

INpUt: Yinie
Initialization: {U(")}:zl, Oinit

While {U(")}Z=1 does not converge:
= Reject Outliers, Yt — Ot
" Update (U™} _ by SOFIA, ; <4=m
= Update 0;,,;;

N
\Output: (UM}, Oinit

~

X SOFIA, <. the alternating least squares (ALS)

method to minimize the objective function in
the batch scenario.

Ex) 3-order tensor case

Q

Oinit
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U®) (Temporal factor matrix)

u®

min N
{U(n)}n=1‘

N2 ® (Y =0 =013 + 4[[LiUD|7 + 2[[Ly UW7 + 2510l




SOFIA - Stepl. Initialization (cont.)

Procedure:
a T ~N
SOFIA Initialization Ex) 3-order tensor case
INpUt: Yinie
initialization: (U™}, 04 e
: N — Q® s
While {U®} _ does not converge:
= Reject Outliers, Yt — Ot u®
* Update {U™}"_ by SOFIA,
= Update 0;,;; 4=m = Yoie — [UP}_ ] =%
N
\Output: (UM}, Oinit y ~
. = sign(R) - max(|R| — 13,0)
X SOFIA, <. the alternating least squares (ALS) O
method to minimize the objective function in = ®

the batch scenario.

|
N2 ® (Y =0 =013 + 4[[LiUD|7 + 2[[L, U™7 + 2510l

min N
{U(n)}n=1‘




SOFIA - Stepl. Initialization (cont.)

Procedure:
4 SOFIA Initialization N

INpUt: Yinie
Initialization: {U(")}:zl, Oinit

Ex) 3-order tensor case

While {U(n)}z=1 does not converge:
= Reject Outliers, Y;,;r — Oy €=
* Update {U™}"_ by SOFIA,
= Update 0;,,;;

N
\Output: (UM}, Oinit

X SOFIA, <. the alternating least squares (ALS)
method to minimize the objective function in
the batch scenario.

Oinit

N2 ® (Y =0 =013 + 4[[LiUD|7 + 2[[Ly UW7 + 2510l

min N
{U(n)}n=1‘




SOFIA - Stepl. Initialization (cont.)

Procedure:

4 SOFIA Initialization

INpUt: Yinie
Initialization: {U(")}:zl, Oinit

While {U(")}Z=1 does not converge:
= Reject Outliers, Yt — Ot
" Update (U™} _ by SOFIA, ; <4=m
= Update 0;,,;;

N
\Output: (UM}, Oinit

~

X SOFIA, <. the alternating least squares (ALS)

method to minimize the objective function in
the batch scenario.

Ex) 3-order tensor case

Oinit

U®) (Temporal factor matrix)

u®

min N
{U(n)}n=1‘

N2 ® (Y =0 =013 + 4[[LiUD|7 + 2[[Ly UW7 + 2510l




SOFIA - Stepl. Initialization (cont.)

Procedure:

4 SOFIA Initialization

InpUt ylnlt
Initialization: {U(")} Oinit

While {U(n)}n=1 does not converge:
= Reject Outliers, Yt — Ot
* Update {U™}"_ by SOFIA,

" Update 0;,,;; <4=m
Output: {u™ O
% P { } t

~

X SOFIA, <. the alternating least squares (ALS)

method to minimize the objective function in
the batch scenario.

Ex) 3-order tensor case

o4

— ® u®

u®

= Ypnie — [(UP}_ | =%

( ( ’ = sign(R) - max(|R| — 13,0)

min N
{U(n)}n=1’0

12® (Y -0 - X2 + 44 |[LUM||” + 2, L, U™ + 110,




SOFIA - Stepl. Initialization (cont.)

Procedure:
4 SOFIA Initialization N

| n pUt ylnlt

Initialization: {U(")} - ﬂ temporillv and seasonally smooth

While {U(")}n=1 does not converge: X U(3)@emptor rr}trix)
= Reject Outliers, Ynit — Oinit
* Update {U™}"_ by SOFIA, Uy
" Update Oinit

Output: {U(")} Oinit 4mm
-
X SOFIA, < the alternating least squares (ALS) Oimit

method to minimize the objective function in = =7
the batch scenario.

Ex) 3-order tensor case

& & |@| «— Sparse Outliers

min{U(n)}:zl‘ollﬂ ®UY-0-X)|%+ /11||L1U(N)||i + Az||Lmu(N)||i + A3110l4




SOFIA - Step?2. Fitting the Holt-Winters model

e Each column vectors of UMY

= Seasonal time series of length 3m with period m

* Using the Holt-Winters model, we can forecast the next temporal factor vector.

Ex) 3-order tensor case
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Step2.

Fitting the HW model

3m

»

For each column,
we obtain

= Level (I)

= Trend (b)

= Seasonality (s)
components.
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HW model




SOFIA - Step3. Dynamic Update

Procedure:
| soFIA Dynamic Update ) Ex) 3-order tensor case

Input: Y, Input: Y,
ene @Vt
leen- {Ut—l}n=1’ {uT }th—m

Fort=3m+1,3m+ 2,---do
= Estimate O,

= Update {Uﬁ")}N_l

n=1
= Update ugN) —
= Update Holt-Winters model ® | 5-(3)m,u-,u§‘°i)§

= Estimate missing values y -

U££)1 N—1 t—1
Given: {u} L {u™}

’
n=1




SOFIA - Step3. Dynamic Update (cont.)

Procedure:
| soFIA Dynamic Update ) Ex) 3-order tensor case

Input: Y, - - Estimates: 8;,_y
: U (M
Given: {Ut’fl} X {u }th_m

T

n= i I
® || Wl
Fort=3m+1,3m+ 2,---do . '
" Estimate 0, <= » m
N-1 U I

= Update {u}

= Update ugN)

= Update Holt-Winters model Y, Yee-1 0,
= Estimate missing values

Estimates: ‘yt|t_1

) ~f |~ —

n=1

>
Filtered by 2-sigma rule




SOFIA - Step3. Dynamic Update (cont.)

Procedure:

| soFIA Dynamic Update ) Ex) 3-order tensor case
Input: Y, Y O
SR (¢ B (¢} K
Given: {Ut‘l}n=1’ {uT }th_m :
Fort=3m+1,3m+ 2,---do =
= Estimate O,
= (n) Gradient Descent —Dl
Update {uf }n | 4 |
* Update u" I-((”m u u%‘?)
= Update HoIt-Winters model -
m
= Estimate missing values Gradient Descent == |U”
\ %
t PoY P2y
min{UO min{U(n)}N—l L@ ot”Qt ® (Ye— 0, = X)IF+ 4 ||U§N)1 - utN) ” + 4z ||U§N3n - utN) ” + A310¢l4




SOFIA - Step3. Dynamic Update (cont.)

Procedure:
| soFIA Dynamic Update ) Ex) 3-order tensor case
Input: Y, Ye Oc
@YY et
Given: {Ut‘l}n=1’ {uT }th_m :
Fort =3m+1,3m+ 2,---do 5 Gradient Descent

= Estimate O,

) !
» Update {UE")}:; Oy
+ Update u™ um ® | &did f

= Update Holt-Winters model
= Estimate missing values u®

- J

m

2 2
min{U(n)}N—l L) g 12 ® (Y — 0 = XDIIF + 44 ”ugﬂ - ugN) ||F + 4, ||U§13n - ugN) ”F + 4311 0¢ll4
£ ) _ M Ot

n=1




SOFIA - Step3. Dynamic Update (cont.)

Procedure:
| soFIA Dynamic Update ) Ex) 3-order tensor case

Input: Y, Update the HW model with uiN)

Given: {Ugf)l}::, {ugN)}i:_m [uf
Fort =3m+1,3m+2,---do ® | éléi)m’""ugi)) I

= Estimate O,

n N-1 Ugl)
= Update {u} )}n=1
= Update ugN) ‘
= Update Holt-Winters model <4=m
= Estimate missing values We obtain slightly updated
- J = Level (I)

= Trend (b)
= Seasonality (s)
components.




SOFIA - Step3. Dynamic Update (cont.)

Procedure:

| soFIA Dynamic Update

Input: Y,
Given: {U?f)l }:: , {“EN)}i:_m

Fort=3m+1,3m+ 2,---do
= Estimate O,
= Update {u}

= Update ugN)

= Update Holt-Winters model
= Estimate missing values <=

N-1

n=1

~

J

Ex) 3-order tensor case

Ut

Estimates: 5Ct




Forecasting Future Evolution of Tensor Streams

* Givenanyt = t,,,q + h, we can forecast future subtensors.

R ~ m W1
yt|tend — |[{Utend}n=1 'utltendﬂ

Ex) 3-order tensor case

By the Holt-Winters method

wd tend+1|tend' tend+2|tend' 1] 1]
ytend+1|tend’ ytend+2|tend’
€ @ )
® < ) ut utend ‘ \

(1) _

tend
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Experimental Settings

* 4 real-world time series datasets modeled by a tensor stream

= .[5] a8

A
- ro |
|
EEENR ' ' '
Intel Lab Sensor Network Traffic Chicago Taxi Traffic NYC Taxi Traffic

* Atuple (X,Y, Z) denotes the experimental setting.
(X, Y, Z) 20% of entries are missing

J I ex) (20,10, 2) { 10% of entries are outliers
missing ratio (%) outlier magnitude outlier magnitude is =2 - max(X)

. . with equal probabilit
outlier ratio (%) auatp Y




Expl. Initialization Accuracy

* SOFIA, s accurately captured temporal patterns from an incomplete and
noisy tensor in the initialization step.

-

Magnitude

\_

synthetic tensor’s

Evolution of the temporal factor matrix as the initialization step proceeded.

temporal factor matrix
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Exp2. Imputation Accuracy

* The normalized residual error (NRE) under 4 experimental settings from the
mildest (leftmost) to the harshest (rightmost).

e SOFIA was the most accurate in all the tensor streams.

-

-

Normalized Residual Error

—©— SOFIA

OLSTEC ~f7- OnlinesGD &)+ MAST
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X=Xl
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R VOOR, 26004 DO
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Data Stream Time Index
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Data Stream Time Index
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NRE: 1 X¢llF
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Exp2. Imputation Accuracy (cont.)

* SOFIA gave up to 76% smaller running average error (RAE) than the second-
most accurate approach.

-

B soria ostec [ Joninescd [ mast [l or-msTC RAE: 137 X =],

. <Intel Lab Sensor> _ ] <Chicago Taxi>

5 _ 510" _
S0tk = ‘
20" a 57% 60% S | s 9
Eo | YD A S Qo | 59% 67%
> @ S5 © ol -+
C o C $10°; I
> S r
= 400k — -~ R e
(20,10,2) (30,15,3) (50,20,4) (70,20,5) (20,10,2) (30,15,3) (50,20,4) (70,20,5)
(Missing (%), Outlier (%), Outlier Magnitude (x)) (Missing (%), Outlier (%), Outlier Magnitude (x))
<Network Traffic> _ <NYC Taxi>
S 100+ 75% 76% S 100+
TR 59% T 2 i
cr v ol T
oC o o o
< | <
) | 10 |
10 (20,10,2) (30,15,3) (50,20,4) (70,20,5) (20,10,2) (30,15,3) (50,20,4) (70,20,5)
K (Missing (%), Outlier (%), Outlier Magnitude (x)) (Missing (%), Outlier (%), Outlier Magnitude (x)) /




Exp3. Speed

* SOFIA was up to 935X faster than the second-most accurate algorithm.

-
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Running Time (s)
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N
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Exp4. Forecasting Accuracy

* Forecasting with SOFIA was the most accurate, despite the presence of

missing values. A
AFE: Ly [ X t+n1e=Xe+nll
a Tty Sh=l X ynllF
SOFIA can operate on various levels of missing ratios. Assume that all entries are observed.

A A
I [ \

I soFiA (0,20,5) [EH] sOFIA (30,20,5) [[€ ] sOFIA (50,20,5) [ D |soFIA (70,205) [0 SMF (0,20,5) [ CPHW (0,20,5)
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Algorithm (X)Y,2) Algorithm (X,Y,2) Algorithm (X)Y,2) Algorithm (X,Y,2)
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Exp5. Scalability

* Elapsed time taken by SOFIA per time step was almost constant regardless of
the number of subtensors processed so far.

4 )

0]
o
-+
o
o
3

o))
o
N\
-+
o))
o
*

N
o
.
N
o
-1

Total Running Time (S)
S
+
Total Running Time (S)
S
*

o

o

0 1 2 3 0 2000 4000 6000
Number of Entries | 145 Data Stream Time Index




Road Map

e Introduction
* Problem Definition

* Proposed Method: SOFIA

e Tensor Factorization Model

* Optimization Algorithm
* Experiment Results

* Conclusions <=




Conclusions

* We propose SOFIA, a streaming factorization algorithm for real-world tensors
with missing entries and outliers.

Robust and Accurate Fast Scalable
S $807 +
g 102: ‘ I_TJ ()] ’F/’
W 9~ SOFIA ® 10° AO £ 50 ¢
.g X © 2 '
g > -75% £ 40 ¥
B 2 o8 S 4
N X
% 10 g 04 > D_: 20 ,(’4
3 c ¥~ soFiA g | LK
o ‘ ‘ ‘ ‘ 1 ) ] . . o ‘ ‘ ‘
< 500 1000 1500 2000 @ 10 0% 10° 102 100 100 = 0o . , ;

Data Stream Time Index _ _ b f :
Average Running Time (s) Number of Entries , 105




KAIST <©IEEE

2021 CHANIA crere srecce

Robust Factorization of Real-world
Tensor Streams with
Patterns, Missing Values, and Outliers

Dongjin Lee Kijung Shin



