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Abstract

In many real-world scenarios, interactions happen in a group-wise manner with multiple enti-
ties, and therefore, hypergraphs are a suitable tool to accurately represent such interactions.
Hyperedges in real-world hypergraphs are not composed of randomly selected nodes but
are instead formed through structured processes. Consequently, various hypergraph genera-
tive models have been proposed to explore fundamental mechanisms underlying hyperedge
formation. However, most existing hypergraph generative models do not account for node
attributes, which can play a significant role in hyperedge formation. As a result, these models
fail to reflect the interactions between structure and node attributes. To address the issue
above, we propose NOAH, a stochastic hypergraph generative model for attributed hyper-
graphs. NOAH utilizes the core—fringe node hierarchy to model hyperedge formation as a
series of node attachments and determines attachment probabilities based on node attributes.
We further introduce NOAHFIT, a parameter learning procedure that fits NOAH to a given real-
world hypergraph so that generated hypergraphs reproduce structural and attribute-related
patterns. Through experiments on nine datasets across four different domains, we show that
NOAH with NOAHFIT achieves the best overall average rank among the nine evaluated
hypergraph generative models when evaluated across six structure—attribute interplay met-
rics. Moreover, we discuss variants of NOAH for different types of node attributes, including
binary, categorical, and continuous attributes. For cases without pre-existing node attributes,
we extend NOAH and NOAHFIT to jointly learn latent node attributes together with the
parameters of NOAH and use the learned attributes for generation.
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1 Introduction

Many real-world interactions occur in groups, such as co-authorship among researchers,
group discussions on online Q&A sites, and co-purchasing of items. Hypergraphs, which
consist of hyperedges, naturally and effectively represent group interactions involving an
arbitrary number of individuals or entities. Especially, hypergraph modeling has shown effec-
tiveness in a variety of applications, including clustering [1, 2], classification [3], and anomaly
detection [4, 5].

Hyperedges in real-world hypergraphs are not composed of random nodes but are generally
formed in a more systematic manner. For instance, real-world hypergraphs often exhibit high-
degree nodes [6], densely overlapping hyperedges [7], and high transitivity [8].

Building upon these findings, a number of hypergraph generative models have been pro-
posed, incorporating hyperedge generation mechanisms that lead to realistic hypergraph
structures [9]. These hypergraph generation models allow a better understanding of real-
world hypergraphs, and they are also employed in various data mining applications, including
community detection [10-12], and hyperedge prediction [13].

Despite the success of hypergraph generative models, they mostly overlook interplays
between hypergraph structure and node attributes. Node attributes are commonly associated
with real-world data. For example, in co-authorship hypergraphs, where nodes represent
authors and hyperedges represent co-authored publications, node attributes, such as affiliation
and field of study, offer valuable information. Especially, as exemplified by homophily [14,
15], such node attributes can influence the formation of collaborations (i.e., hyperedges).

Thus, in this paper, we propose NOAH (Node Attribute based Hypergraph generator), a
novel hypergraph generative model based on node attributes. Since a hyperedge can involve
an arbitrary number of nodes, the number of hyperedge candidates increases exponentially
with the number of nodes. As a result, generating a hypergraph by considering the formation
probabilities of all candidates is computationally intractable. To address this challenge, NOAH
models the formation of each hyperedge as a series of attachments of nodes to its seed node(s).
The attachment probabilities are determined by node attributes. Specifically, we assign the
degree of affinity based on the values of each node attribute, and we obtain the final attachment
probability as the product of the affinity scores across all attributes. In addition, NOAH
incorporates a core—fringe node hierarchy into the process to enhance realism.

We also introduce NOAHFIT, an algorithm designed to fit the parameters of NOAH to a
given hypergraph. The hyperedge formation probabilities in NOAH are expressed through a
parameterized formulation, and NOAHFIT updates the parameters to maximize the probabil-
ities, capturing the structure—attribute interplay in the given hypergraph.

In our experiments, we extensively evaluate hypergraph generative models using six mea-
sures on their ability to capture structure—attribute interplay in nine real-world hypergraphs.
As exemplified in Fig. 1, NOAH, fitted by NOAHFIT, achieves the best overall average rank
among the compared hypergraph generative models across the measures.

Our contributions are summarized as follows:

e Model: We propose NOAH, a stochastic generative model for attributed hypergraphs that
produces a realistic interplay between structure and attributes.

@ Springer



From binary to general attributes: attributed hypergraph generation... Page 3 of 52 245

Ground-Truth [_| HyperCL (Baseline) [_| NoAH (Proposed) <> Wasserstein Dist.

@ 5.0 | Average T4 for0 «+[1:039 | «»[]:0.05
S
O 4.0 :1.63 750
o o:111 Average NHS
3 3.0 0 :1.64 .0.89
‘5 2.0 500 e
© [1:0.49 -
= 1.0 =
> S [1:0.88
= 00 g 450
HE o
()
w 5.0 [ Average T4 for1 3 300
= 4.0 :1.68 o
< 30 0 :0.93 =
qIJ * [ :1.48 150 |
g 2.0
2 1.0 |
0.0 0.00 0.50 1.00
1 2 3 4
Affinity Type t Node Homophily Score
«»[1:0.36 | «»[]:0.09 «—[1:007 | «[]:0.04
750 750
Average HE Average HOHE __
£ 500 :0.23 £ 500 :0.62
S [1:0.59 S [1:0.69
O 0:0.13 o [1:0.60
O 450 O 250
Q ()
o0 [-T]
© ©
@ 300 @ 300 —
()] )]
s s
I 150 T 150 ﬂ
0.00 0.50 1.00 0.00 0.50 1.00
Hyperedge Entropy Higher-order Hyperedge Entropy

Fig. 1 Structure—attribute interplay with respect to the first node attribute in the Amazon Music dataset. Our
proposed generative model, NOAH, fitted by its parameter learning algorithm NOAHFIT, effectively captures
the interplay between structure and node attributes, outperforming the baseline model (HyperCL). Refer to
Sect. 3.2 for the definitions of the measures and to Sect. 7.3 for the interpretation of the results

o Fitting Algorithm: We develop NOAHFIT, a parameter fitting algorithm for NOAH that
captures the relationship between structure and node attributes in a given hypergraph to
maximize the formation probabilities of its hyperedges.

e Experiments: We empirically show the competitive overall performance of NOAH,
which achieves the best average rank across the evaluated datasets and metrics.

For reproducibility, we make the source code and data publicly available at https://github.
com/jaewan01/NoAH.

This work extends our previous study [16], which was presented at the IEEE International
Conference on Data Mining (ICDM) 2025. In this extended version, first, we generalize
NOAH beyond binary attributes to support categorical and continuous attributes, extending
the attribute affinity formulation and likelihood accordingly (Sect. 6.1). Second, we broaden
the applicability of NOAH and NOAHFIT to settings without pre-existing node attributes
(Sect.6.2). To this end, we propose NOAHFIT- X, which models node attributes as latent vari-
ables and jointly optimizes attribute assignment probabilities together with the parameters
of NOAH; and we also extend NOAH in two alternative ways with distinct strengths, namely
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NOAH- X and NOAH- X* (Sect.6.2.3). Third, we present empirical results for the exten-
sion to non-binary attributes (Sect.7.6) and for the settings without pre-existing attributes
(Sect.7.7). Lastly, we provide a detailed analysis (proof of Theorem 1) and extra experiments
(Appendix D) on structural properties.

2 Related work

In this section, we review prior work on the generation of graphs and hypergraphs.

2.1 (Hyper)graph generative models

(Hyper)graph generative models are designed to generate structures resembling real-world
hypergraphs [9, 17], often to uncover potential mechanisms behind such structures. To this
end, for example, several models exploit node hierarchies [8, 18-20], which are commonly
found in the real world [21-24]. In our model, NOAH, we capture such hierarchies through
a simple yet effective core—fringe structure.

Recently, various deep learning-based (hyper)graph generative models have been intro-
duced, such as variational autoencoders [25], generative adversarial networks [26, 27], and
diffusion or hierarchical models [28]. However, these models mostly require a large collec-
tion of graph instances for training, while the aforementioned models operate on a single
instance. Moreover, deep learning models often struggle to provide insights into the genera-
tive mechanisms of real-world (hyper)graphs due to their intrinsic black-box nature.

2.2 Attributed-aware (Hyper)graph generative models

Node attributes can play a crucial role in graph generation, as demonstrated by homophily, a
prevalent property of real-world (hyper)graphs where similar nodes tend to connect [14].
Accordingly, several models incorporate node attributes, including the exponential ran-
dom graph model [29], the stochastic block model [30], and the latent space model [31].
Among them, the Multiplicative Attribute Graph (MAG) model[32] is distinctive in that
node attributes directly govern edge formation via a multiplicative probability function.

However, very few hypergraph generative models incorporate node attributes. One excep-
tion is a stochastic block model variant specifically designed for community detection [12].
In this model, node attributes are conditionally independent of the hypergraph structure given
the latent community structure, meaning attributes do not directly drive hyperedge forma-
tion. In contrast, in our model, NOAH, hyperedges are formed explicitly based on attribute
relationships among nodes.

3 Preliminaries
In this section, we introduce (1) key notations, (2) six measures for evaluating the interplay

between structure and attributes, (3) MAG [32] as a preliminary model, and (4) UMHS [33]
as a core node identification method for hypergraphs.

@ Springer



From binary to general attributes: attributed hypergraph generation... Page 5 of 52 245

Table 1 Frequently used symbols

Notation Definition

H=W,£EX) Hypergraph with nodes V), hyperedges £
X € {0, 1}[VIxk Node attribute matrix (binary)

C Set of core nodes

F Set of fringe nodes

Or={0r.....0 5} Set of fringe attachment affinity matrices
O¢c ={0c,.....0¢,} & set of core group affinity matrices

3.1 Notations

First, we discuss the notations used in this paper. Refer to Table 1 for the frequently used
notations.

Attributed Hypergraphs.

An attributed hypergraph H = (V, £, X) consists of a set of nodes V = {v1, --- , vy}, a set
of hyperedges £ = {ey, - - - , e|g|}, and a node attribute matrix X € RIVI*K Each hyperedge
e € & is a non-empty subset of nodes, i.e., ¢ € V, |e| > 1. The i-th row of X, denoted as
x; =X;. € R¥, represents the attribute vector of node v; € V. We use x® e RVl to denote
the [-th attribute vector (i.e., the /-th column of X), and we use XEI) € R to denote the /-th
attribute value of node v;. In this work, unless otherwise specified, we assume binary node
attributes, i.e., X € {0, 1}!V! xk which simplifies both model design and implementation while
remaining valid for many real-world datasets. However, our proposed model is not restricted
to binary attributes, and extensions to non-binary attributes are discussed in Sect.6.1. For
categorical attributes, the /-th attribute vector x) takes values in {0, ..., ¢; — 1}1V!, where
¢ denotes the number of categories of the /-th attribute. For continuous attributes, the /-th
attribute vector x) takes values in RVl or in [0, 1]|V| after normalization.

3.2 Measures for structure-attribute interplay

We introduce several measures for evaluating the interplay between structural patterns and
node attributes, categorized into: (1) hyperedge-level measures (hyperedge entropy and
affinity ratio score), which capture how node attributes are distributed within hyperedges,
and a (2) node-level measure (node homophily score), which measures the tendency of
nodes to form hyperedges with others of similar attributes.

Type-s Affinity Ratio Scores.

Veldt et al. [34] introduced a mathematical framework to quantify the significance of a label
on group interactions of a fixed size s. First of all, for each affinity type r € {1, 2, ..., s},
they defined the type-(s, ) affinity score for label Y as follows:

Y vewy s (V)
ZUEVY d(v) ’
where Vy is the set of nodes with label Y, d(v) the degree of node v, and d; ; (v) the number

of size s hyperedges containing v and ¢ — 1 additional nodes with v’s label (¥). It quantifies
how frequently nodes with label Y appear in size-s hyperedges with exactly ¢ such nodes.

hs (Y) = )]
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The type-(s, t) baseline score bs ;(Y) for label Y is the probability that a node with label ¥
joins a size-s hyperedge containing exactly ¢ nodes with label Y, if s — 1 other nodes are
selected uniformly at random, i.e.,

[Vyl=1 (IVI=IVy|
bs,t(Y) — ( t—1 )( s—t ) (2)

"5

We examine the type-(s, t) affinity ratio score for label Y, which is the ratio of the affinity
score to the baseline score, i.e., Zj;gi , to evaluate the significance of the combination of ¢
nodes labeled Y in a fixed hyperedge size s.

We consider all possible values of each attribute when computing the type-(s, ¢) affinity
ratio score. Specifically, for categorical attributes, we consider attribute values {0, 1, ..., c—
1}, where ¢ denotes the number of categories, and for binary attributes, we consider the two
values {0, 1}. In this work, we focus on s € {2, 3, 4}, as small hyperedges are common in
many real-world hypergraphs, and to allow reliable statistics. For simplicity, we refer to the

type-(s, 1) to type-(s, s) affinity ratio scores as the type-s affinity ratio scores.

(Higher-order) Hyperedge Entropy.

Lee et al. [15] observed that real-world hyperedges exhibit label homogeneity, containing
nodes with similar labels more often than their randomized counterparts. This effect persists
even after multiple steps of propagation of labels to incident nodes and hyperedges. To
measure the label homogeneity, they utilized hyperedge entropy, defined as the entropy of
the labels of nodes incident to each hyperedge. They also introduced higher-order hyperedge
entropy, measuring the entropy after label propagation.

In this work, we consider the distribution of hyperedge entropy and higher-order hyperedge
entropy of each node attribute to measure the dominance of attributes on hyperedge formation.
A distribution skewed toward O reflects that hyperedges mostly comprise nodes with identical
attribute values.

Node Homophily Score.
We propose a node homophily score to quantify the homogeneity of nodes in a hypergraph.
Node homophily score of node v; at /-th attribute is defined as:

l} !
o eee, Mvjcevi # vy [x =x7)]
n; =
Deee,, (el = 1)

: 3)

where nl@ is a node homophily score of node v; for the [-th attribute, &,, € £ is a set of

hyperedges containing v;, and [ € {1, 2, ..., k}. This measure indicates the ratio of incident
nodes that share the same /-th attribute value with node v, with a high value reflecting a
greater tendency for v to form hyperedges with nodes having the same attribute value. We
consider the distribution of node homophily score for each attribute to capture node-level
homogeneity in a hypergraph.

Overall, the above measures offer complementary perspectives on structure—attribute
interplay: (1) the type-s affinity ratio score quantifies the fine-grained patterns in
hyperedge-attribute distributions, (2) the (higher-order) hyperedge entropy quantifies the
coarse-grained patterns in hyperedge-attribute distributions, and (3) the node homophily
score quantifies the node-level patterns of attribute distributions.
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Fig. 2 Hyperedge generation process of NOAH consists of two steps: (1) Core group construction: sample
a seed core node vy according to pg.eq and attach additional core nodes to vy to form a core group Cz, and
(2) Fringe attachment: attach fringe nodes to core group C; based on mixed attribute vector x . obtained by
attribute-wise sampling from XCE. The attached core and fringe nodes, together with the seed node, form a
hyperedge

3.3 MAG: multiplicative attribute graph model

Kim and Leskovec [32] proposed the Multiplicative Attribute Graph (MAG) model to capture
how node attributes affect edge formation in pairwise graphs. Given a set of nodes V and an
associated node attribute matrix X € {0, 1}V, MAG estimates the probability of edges
based on node attributes. ! Specifically, MAG defines a set of attribute affinity matrices
® = {0,...,60;}, where each 0; € R2x2 captures the affinity between values of the [-
th attribute, with 6;[x;, x] € [0, 1] denoting the affinity between binary attribute values
x1,x2 € {0, 1}. For the probability P (v;, v;) of an edge between nodes v; and v;, MAG
multiplies the affinities across all k attributes as follows:

k
PQi,v) =[],_, oix"x"1. )

Inspired by MAG, we develop a model for group interactions, which require more complex
modeling of how node attributes collectively influence group formation. Moreover, compared
to MAG, our model additionally captures commonly observed structural node hierarchies by
distinguishing between core and fringe node roles in group formation.

3.4 UMHS: union of minimal hitting sets

Amburg et al. [33] defined a hitting set of a hypergraph as a set of nodes that intersects every
hyperedge, i.e., a set S satisfying Ve € £, Jv € S s.t. v € e. Building on this concept, they
proposed the union of minimal hitting sets (UMHS) algorithm to identify core nodes in a
hypergraph. The algorithm consists of three steps: (1) initialize S = {}, generate a random
permutation of the hyperedges, and traverse them, adding all nodes in a hyperedge e to S
whenever S Ne = J, (2) generate a random permutation of S and traverse them, removing
any node v if S\{v} remains a hitting set, and (3) repeat the above two steps with different
permutations and take the union of the resulting hitting sets.

! While MAG can consider a general categorical attribute, in most cases simplified MAG model with binary
attribute is utilized.
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4 Proposed generation method: NOAH

In this section, we introduce NOAH, a novel hypergraph generative model based on node
attributes.

4.1 Ideas behind NOAH

In real-world hypergraphs, node attributes play a crucial role in hyperedge formation. For
example, in some hypergraphs, hyperedges among nodes with similar attributes are common
(homophily) [15], while in others, hyperedges among nodes with dissimilar attributes (het-
erophily) are common [35]. NOAH captures such attribute—structure interplay to generate
more realistic hypergraphs.

Idea1 We model hyperedge formation using node attributes to reflect their interplay with
structure.

Moreover, many real-world hypergraphs exhibit hierarchical structures [23, 24], where
certain nodes consistently play central roles in group interactions, while others interact more
peripherally. This hierarchy has been incorporated into several generative models [8, 19, 20].
In NOAH, we introduce a surprisingly simple yet effective approach to reflect hierarchy by
dividing nodes into two groups with distinct structural roles.

Idea2 We divide nodes into core and fringe nodes to capture the hierarchical structure
commonly observed in real-world hypergraphs. Core nodes play a more central role in
hyperedge formation, while fringe nodes participate more peripherally.

Since the number of hyperedge candidates increases exponentially with the number of
nodes, generating a hypergraph by considering the formation probabilities of all candidates
is computationally intractable. To address this challenge, NOAH incrementally constructs
each hyperedge through attachment.

Idea 3 We model the formation of each hyperedge as a series of attachments of nodes to its
seed node(s).

4.2 Model details of NOAH

Based on Idea 3, NOAH generates a hypergraph by stochastically sampling nodes to attach to
each hyperedge, as outlined in Algorithm 1 and illustrated in Fig. 2. In line with Idea 1, nodes
are sampled based on attribute relationships, using the node attributes X. To incorporate
Idea 2, the node set V is partitioned into two disjoint subsets: the core node set C € V and
the fringe node set ¥ C V,s.t. CNF = @ and C U F =V, and the two groups play distinct
roles in hyperedge formation. Combining three ideas, NOAH generates each hyperedge in a
two-step process. First, a subset of core nodes from C form a core group based on attribute
affinities. Second, fringe nodes from F attach to the core group according to attribute affinity
with the group, completing the hyperedge.

e Step 1. Core Group Construction (lines 3 — 8): To initiate hyperedge construction,
NOAH begins by forming a subset of core nodes C; € C, which plays a role as the
structural nucleus of the hyperedge. Specifically, it first samples a seed core node vy € C
according to a probability distribution py..q € [0, 1], where || pseeqlli = 1,and pyeeq(v)
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is the probability of selecting node v € C as a seed core. Then, NOAH calculates the
inclusion probability of remaining core node v, € C \ {v,} to the core group based on its
attribute affinity with the seed node vy, computed as:

k I
Pe(vels, ©c) = [ ]_ 0¢'1x. x1, &)
where ©¢ = {6 8), R Gg()} is the set of attribute affinity matrices modeling interactions

among core nodes, and each 0(61) € R?*?2 captures the affinity between binary values of
the /-th attribute.

e Step 2. Fringe Attachment (lines 9 — 14): Subsequently, NOAH samples fringe nodes
from F to attach to the core group C; and complete the hyperedge construction. For each
fringe node vy € F, NOAH first constructs a binary attribute vector x¢, € {0, l}k that
summarizes the attributes of the nodes in the core group C;. Each [-th attribute X(CIL) is
independently sampled as:

1
o . )
Xc, Bernoulli <|Cg| E neCs X; ) 6)

which intuitively samples the attribute according to its average presence among the group
members. Then, v is considered for attachment with the following probability:

LN () YR () N
Pr(vsICs, 05) = [ ],_ 0P IxE) x1 )
where ® r = {0(1), R 05@} is the set of attribute affinity matrices that model interac-

tions between the core group and fringe nodes and each 0(}_) € R?x2 captures the affinity
between binary values of the /-th attribute.

Remark on relations among hyperedges.

Although NOAH constructs each hyperedge through a local attachment process without
explicitly modeling relations between hyperedges, the generated hyperedges are coupled
through shared global components, including the seed core distribution and the core affinity
matrices. In particular, their core groups follow a common attribute-driven mechanism, and
similar core group profiles tend to induce similar fringe attachment patterns. This shared
parameter design avoids the additional parameters required to explicitly model hyperedge-
level relations, allowing NOAH to remain scalable and interpretable.

4.3 Theoretical analysis of NOAH

We analyze the complexity and structural properties of NOAH.

Complexity.

For core group construction, sampling the seed core node vy takes O(|C|) time, while com-
puting attachment probabilities P¢ for the remaining core nodes C \ {vs} requires O (k|C|)
time. For fringe attachment, computing the attachment probabilities Pr for fringe nodes F
takes O (k|F|) time. NOAH generates a hypergraph 7 consisting of m hyperedges by repeat-
ing these two steps m times. Thus, the overall time complexity of the hypergraph generation
process of NOAH is O (mk|V|) where |V| = |C| + | F|. Regarding space complexity, NOAH
requires O (1) space per hyperedge to store the seed core. The sampled attribute of a core
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Algorithm 1: NOAH

Input: (1) number of hyperedges m

(2) node attribute matrix X € {0, 1}|V‘ xk

(3) set of core nodes C

(4) set of fringe nodes F

(5) seed core probabilities pgeeq

(6) set of core group affinity matrices ®¢

(7) set of fringe attachment affinity matrices ® &

Output: generated hypergraph H = (V, )
1 H=W,E=02)
2 foreachi=1,--- ,mdo

// 1. Core Group Construction
3 | Sample vy ~ pgeeqs Vs € C
4 Cs <« {vs}
5 for each v € C \ {vs} do
6 p < Pc(vclvs, ©¢) » Eq. (5)
7 with probability p do
8 CE <« CE U {vc}
// 2. Fringe Node Attachment
9 F; <~ @
10 for each vy € F do
1 Construct x¢, of C; » Eq. (6)
12 q < P]:(vflCE, Or) » Eq. (7)
13 with probability ¢ do
u Fe < FsUlvrl
15 e<—C;UF;
6 | E<EU(e)

17 return H = (V, £)

group requires O (k) space, which can be discarded after computing the attachment proba-
bilities for the fringe nodes. Thus, the overall space complexity of the hypergraph generation
by NOAH is O (k).

Structural Properties.

NOAH is capable of generating hypergraphs with heavy-tailed node degree distributions,
which is common in real-world hypergraphs [9, 20].

Theorem 1 There exist configurations on node attributes and parameters on NOAH such
that the generated hypergraph follows a power-law degree distribution.

Proof Let the [-th attribute of each core node be drawn from Bemoulli(ug)), and let that of
each fringe node be drawn from Bernoulli(,ug-)). Let the seed probability be uniform, i.e.,

1
Pseed = 1¢7-
(i) Core degree distribution. When |C| — oo, the degree of core node v, is proportional to

the attachment probability of v, to an arbitrary core node. If we adjust [Lg) so that

—5
“(cl) _ Mg) X G(CD[I, 11+ - M(Cl)) X 0(61)[0, 1]
1—u® \ul x0911,01+ 1 = p8) x 6210, 0]

then the probability mass of an attribute vector becomes proportional to the (—§)-th power of
the node’s expected attachment probability (and hence its expected degree). When |C| — oo,

@ Springer



From binary to general attributes: attributed hypergraph generation... Page 11 of 52 245

the resulting degree distribution can be viewed as a binomial distribution, and applying
Stirling s approximation yields the probability of a node having degree d proportional to

d—%- 3 as stated in Theorem 7.1 of [32].
(ii) Fringe degree distribution. For core group g generated from seed core vy, if xy) =1,
the probability of the /-th attribute of attached core node v, having 1 becomes:
,U«(l) « 0(1)[1 1
1= ud) x 0211,01+ 2 x 62[1, 11

PxD =1 egxV=1)=

It xgl) = 0, the probability of the /-th attribute of attached core node v, having 1 becomes:

,u(cl) X 0(61)[0, 1]
(1 =) x 021001+ p x 8210, 1]

Px" =1 € g,xV =0) =

If we set 00, 0] x 82[1, 11 = 0210, 1] x 8'[1, 0], then the following holds:
P(xgl) =llv. € g,xgl) =1)= P(xgl) = llv. € g,xg) =0).

Since the attribute distribution of attached core nodes is now independent of the seed core
attribute, let’s denote it as the /-th attribute following Bernoulh(ua)) Moreover, the /-th
attribute of the core group of a hyperedge follows Bernoulh(u ) where

0
Vg xul
1 =

8 1+g

)

where g denotes the average core group size minus one. Then, if we adjust [,L(l) so that

-5
ny _( pg x OP0, 11+ (1 = ug))x0(}.)[0,1])

1= 1@ "\ %020, 01+ (1 = 1) x 6010, 01

by the same argument as for the core degree distribution, using Theorem 7.1 of [32], as
|F| — oo, the probability that a fringe node has degree d is proportional to d —-3,

(iii) Conclusion. Thus, under the assumptions above, the probability of nodes having degree d
is proportional to d ~3=3 for both core and fringe nodes, resulting in a power-law distribution
for node degree. O

5 Proposed fitting method: NOAHFIT

In this section, we propose NOAHFIT, a method for tuning the parameters of NOAH to fit a
given hypergraph, outlined in Algorithm 2. The goal of fitting is to enable NOAH to generate
hypergraphs that closely resemble the input in both structure and attribute patterns. This
is useful for various downstream applications, such as data anonymization and simulation,
where generating realistic yet controllable hypergraphs is critical. We begin by describing
how the nodes V is partitioned into core nodes C and fringe nodes F. Next, we derive hyper-
edge likelihoods, which are a key component for parameter optimization. Then, we discuss
parameter optimization for maximizing the likelihood of the given hypergraph. Finally, we
analyze the complexity of NOAHFIT.
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5.1 Core and fringe partition

Given a hypergraph H, NOAHFIT partitions the node set ) into a core node set C and a fringe
node set 7. We utilize UMHS (see Sect. 3.4) to identify the core node set C. Then, the fringe
set is defined as its complement, i.e., F = V \ C. Each hyperedge e € £ consists of a subset
of core nodes C, = ¢ N C and a subset of fringe nodes F, = e N F.

5.2 Derivation of the Likelihood of each hyperedge

Given the structural and attribute information of the hypergraph (i.e., C, F, and X) and
the parameters of NOAH (i.e., pyeq> Oc, and © ), we now derive the likelihood of each
hyperedge e € &, denoted as P(e|C, F, X, Pgeeq, Oc, ©F), which we refer to as P(e) for
brevity. The likelihood is decomposed into two components: (1) Peore(€), the likelihood of
core group construction, and (2) Pfinge(e), the likelihood of fringe node attachment. The
total likelihood is then given by P(e) = Peore(e) - Pringe(e).

Likelihood of Sampling Core Nodes.
Given a hyperedge e, the likelihood Py (e) of its core group Cp is:

Peore(€) = ) | Preea(vs) - Pe(Ce \ {us}lvy). 2 ®)

where Pc(C, \ {vs}|vy) is the likelihood of sampling the remaining core nodes C, \ {vs} C C
given the seed node vy, which can be written as:

PeC\{usllv) = ] Peelv)- [] (= Petuelvs). )
veeCe\{vs} v €C\Ce

For brevity, we omit ®¢ in the above equations.

Likelihood of Sampling Fringe Nodes.
Given the core group C, of the hyperedge e, the likelihood of its fringe subset 7, is:

Puinge(€) = [ PrevsiC - [] (1= Prvsico)). (10)

vreF, vreF\Fe

where Pr(vr|C,) is the probability of attaching fringe node v to the core group C,. This
probability is obtained by marginalizing over the stochastic binary attribute vector x¢, of C,
as follows:

k
PF(Uf|Ce) = ]Eng |:1_[l 10(1)[ (l) (;)]:I

k
[ - p®- 0210501+ 0211 x01]
=1

an

where each l th component of X¢, is sampled as a Bernoulli random variable with mean equal
) _ (l )
to pe |c 2 vec Xi -

2 For training stability, in practice, we implement NOAHFIT by using a normalized core group likelihood,
where Peore (e) is divided by the total seed probability over the core group, i.e., Peore(€)/ ngece Pseed (Ve)-
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5.3 Parameter initialization

Below, we describe how the parameters of NOAHFIT are initialized.

Seed Core Probability pgeeq-
We initialize the seed core probability of each node to be proportional to its degree, i.e.,

l{e € Elve € e}
D cee ICel
Core and Fringe Affinity Matrices ®¢ and © .

Pseed (V) = (12)

For each core and fringe affinity matrix, we initialize its entries to a constant value chosen
so that the resulting mean expected cardinality of the core and fringe subsets matches those
of the target hypergraph, that is,

Viel{l,... k), Yie{0,1}, ¥j € {0, 1},

= 1/k

o1, j1 = (“'|C| 1) , (13)
NV

o1, j1= (%) : (14)

where ¢ and ¢y denote the mean cardinalities of the core and fringe subsets in the target
hypergraph.

5.4 Update of the parameters of NOAH

We present the loss functions used to update the parameters of NOAH (spec., pyeeq. @c, and
© r) as follows:

o Negative Log-likelihood Loss (L4 ): For each hyperedge e, we calculate the negative
log-likelihood, i.e., —log P(e). These values are then summed over all hyperedges to
compute the negative log-likelihood loss:

Legge =) . —log P(e). (15)

e Degree and Cardinality Losses (Ls., and L..,4): Unlike many existing hypergraph
models that rely on degree or cardinality distributions as explicit model inputs, NOAH
learns to reproduce realistic degree and cardinality patterns, without using them as model
inputs (only using them for fitting), demonstrating its expressive modeling capability. To
encourage this behavior, we use a mean squared error (MSE) loss that aligns the expected
degrees and hyperedge sizes with the distributions in the original hypergraph:

Ldeg = MSE(d., d.) + MSE(d s, d ), (16)
Leard = MSE(CCa Cl) + MSE(Cfv C}'), (17)
where d., d y denote the degrees of core and fringe nodes; and c., ¢ s denote the car-
dinalities of core and fringe subsets within hyperedges. The corresponding quantities
with tildes indicate their expected values under NOAH. We compare distributions by

sorting them and computing the MSE between corresponding values, focusing on overall
distributional similarity rather than individual node identities.
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Algorithm 2: NOAHFIT

Input: (1) target hypergraph H = (V, £, X)

(2) number of epochs T, learning rate n

(3) loss weights wyeg, Weard

Output: (1) set of core nodes C

(2) set of fringe nodes F

(3) seed core probabilities pgeeq

(4) set of core group affinity matrices ®¢

(5) set of fringe attachment affinity matrices ® &

// 1. Core-fringe Split
Split V into C, F
1 Initialize pgeed, Oc and O ¢ » Eq. 12, Eg. 13, & Eg. 14
2 foreacht=1,---,T do
// 2. Log-likelihood Loss
Ledge <0
for each e € € do
Co<—eNC, Fop<—enNF
P(e) < Peorele) - Pfringe(e) » Eg. (8) & Eg. (10)
Ledge < Ledge —log P(e)

N AU R W

// 3. Degree, Cardinality Losses

8 Compute d., d~f and ¢¢, € using pgeeq, Oc and O x
9 | Lgeg < MSE(dc.d.)+MSEWd . d )

10 Leard < MSE(ec, €¢) +MSE(cr, ¢f)

1 L« Ledge + Wdeg * Ldeg + Weard * Leard

// 4. Parameter Update

12 Pseed < Pseed — NV pgeea £

13 Oc < O¢ — nV@C,C

4 | OF < OF —nVe,L

15 return C, F, pseed> Oc, O F

The final loss is a weighted sum of the above losses (see Line 11 of Algorithm 2), with the
weights as hyperparameters.

5.5 Complexity of NOAHFIT

We provide the time and space complexity analysis of NOAHFIT. Regarding the time com-
plexity, the core and fringe partitioning [33] requires O (m|V|) time. For each hyperedge
e € &, computing its likelihood P (e) takes O (k|V||C,|) time. With attachment probabilities
calculated during the computation of P (e), calculation of expected degree and cardinality
from NOAH takes O(|V|) time. Repeating this for T training epochs over all hyperedges
results in a total computation cost of O(Tk[V| ), ¢ |C.|). Regarding the space complexity,

core and fringe partition takes O(|V|) space. For each hyperedge e € £, computing its
likelihood P (e) takes O (k + |V|) space. Expected degree and cardinality require O (m + |V|)
space. Thus, the total space complexity is O (k + m + |V|).
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6 Extensions to more general attribute settings

In this section, we demonstrate how NOAH can be applied beyond the setting considered
in Sects.4 and 5 to more realistic attribute scenarios. First, we generalize NOAH to support
non-binary attributes, including categorical and continuous attributes. Then, we consider a
more challenging setting in which node attributes are unavailable. These extensions broaden
the applicability of NOAH to a wider range of real-world hypergraph data.

6.1 Extensions to non-binary attributes

While we have thus far focused on NOAH with binary node attributes, many real-world
hypergraphs exhibit non-binary attributes. To address this, we generalize NOAH to support
categorical and continuous attributes while preserving its core generative framework.

6.1.1 NOAH for categorical attributes

We first consider categorical attributes, where the /-th attribute value of a node v; is xi(l) €
{0, 1, ..., ¢; — 1}, where ¢; is the number of categories. We extend NOAH by generalizing
the binary 2 x 2 affinity matrices with categorical counterparts, i.e., Og) € [0, 1] and

0(71_-) € [0, 1], for core group construction and fringe attachment, respectively.

Core Group Construction.
Given a seed core node vy, the probability that another core node v, is included in the core
group is computed by multiplying the categorical affinities across attributes, i.e.,

k
Pe(velvs, ©¢) = [ [0 1x", x?1, (18)
=1

which naturally generalizes Eq. (5).
Fringe Attachment.
For a hyperedge e with core group C., we define a hyperedge-wise categorical group attribute

for each /-th attribute based on the empirical category distribution within C,. Specifically,
for

Y I(xP=a), ae(0l...aq-1 (19)

ve€Ce

7, i(a) = ol
e

we sample the group attribute as

X(Cl) ~ Categorical(ﬂce,l ) : .

e

Then, the probability that a node v attaches to the core group C, is defined as

k

Pr(vylCe. ©7) = [ [0R1xC). xP1. @n
=1

generalizing Eq. (7). Note that both core group construction and fringe attachment process
reduce to the original binary formulation when ¢; = 2 for each attribute dimension /.
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6.1.2 NOAH for continuous attributes

We next consider continuous attributes, where the /-th attribute of node v; is given as xfl) e R.

Attribute Projection Function.

To align with the binary formulation of NOAH, we introduce an attribute projection function
for each attribute dimension that maps continuous values to the unit interval [0, 1]. For
each attribute dimension /, we define an attribute projection function f @ which is a non-
decreasing function mapping from R to [0, 1]. Formally, f® € {g : R — [0, 1]]| g(x) >
g(¥),¥x >y, x,y € R}. We denote the projected value of the /-th attribute of node v; by
N(Z) =f0 (x(l)) In the experiments described in Sect. 7.6, we employ the following attribute
pI‘O_]eCthIl function:

FOx) = @Px + ), (22)
1
where o (-) denotes the sigmoid function and «®, 8¢ € R are learnable parameters.

Continuous Affinity.

After projecting attributes, for each [-th attribute, we reuse the entries of the corresponding
binary affinity matrix 0&1) e [0, 1]2X2, where » € {C, F}. Given two projected attribute

values x(l) x(l) € [0, 1], we define the continuous affinity as a convex combination of the
four blnary affinities as follows:
l - - - -
8 & &) = (1= %) x (1 &) x 010,01 + (1 - xﬁ’)) x %0 x 000, 1]
+57 % (1 =) < 0011, 01+ %" x 0 x 00[1, 1], (23)
where x € {C, F}. Notably, Eq. (23) reduces to the original binary lookup when X(Z) ;)
{0, 1}.

Note that this continuous formulation above is intentionally simple and interpretable,
serving as a continuous counterpart of the original binary formulation while preserving its
attribute-wise affinity structure. Specifically, the bilinear interpolation in Eq. (23) keeps the
2 x 2 affinity matrix interpretable, where each entry corresponds to the affinity between
low/high projected attribute values and, as mentioned above, reduces exactly to the original
binary formulation when the projected values are restricted to {0, 1}. Similarly, the sigmoid
projection in Eq. (22) is a simple monotone mapping to [0, 1], although other non-decreasing
mappings can also be used. In Sect. 7.6, we empirically compare this continuous formulation
with a more expressive neural affinity variant.

S

Core Group Construction.
While generalizing Eq. (5), given a seed core node vy, we define the probability that another
node v, is included in the core group as

k
, S0 ()
Pe(oc v, 0c) = [[8¢' (R0, %). (24)

=1

Fringe Attachment.
For a hyperedge e with core group C,, we define a hyperedge-wise continuous group attribute
for each [-th attribute by averaging the normalized attribute values within C,:

1
<D 0]
X, = E X’ . (25)
€T C| ‘

v.€C,e
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Then, the probability that a node v attaches to the core group C, is defined as

k
~() /. -
Pr(vy | Ce, 0) = [ ]85 (38, 50). (26)
=1

which naturally extends Eq. (7).

Overall, this continuous attribute extension preserves the original generative steps of
NOAH and reduces exactly to the binary formulation when attribute values are restricted to
{0, 1}.

6.2 Extensions to settings without pre-existing attributes

While both NOAH and NOAHFIT assume that node attributes are pre-existing, in many
practical settings, such attributes are unavailable [15]. To broaden their applicability, this
subsection presents extensions of NOAH and NOAHFIT in which node attributes are learned
to model attribute-driven interactions underlying hyperedge formation. Specifically, we first
introduce NOAHFIT- X, which represents latent node attributes via an attribute probability
matrix and jointly optimizes these probabilities together with the parameters of NOAH under
the same likelihood-based fitting framework. Then, we describe two extensions of NOAH
with distinct strengths, namely NOAH- X and NOAH- X*, which generate a hypergraph
using the learned attribute probabilities through global attribute sampling and hyperedge-
wise sampling, respectively.

6.2.1 Probabilistic representation of latent node attributes

In the setting without pre-existing attributes, the node attribute matrix X € {0, 1}/V1*¥ is not
available. To enable learning without pre-existing attributes, while preserving the attribute-
driven mechanisms of NOAH, we represent latent node attributes via an attribute assignment
probability matrix, ® € [0, I]W‘Xk, where k is the number of latent node attributes and
is treated as a hyperparameter in practice. The i-th row of ®, denoted as ¢; = ®; . € R,
represents the attribute assignment vector of node v; € V. Weuse (/)l.([) to denote the probability
that node v; € V has attribute value 1 for each /-th attribute that is binary. We interpret ®
as parameterizing independent Bernoulli random variables for latent binary attributes, as
follows:

k
PX|®) = [] ] x 6" + 1 —x") x (1 - ¢")). 27)

v,-evl:l

Note that when binary attributes X are pre-existing, setting ® = X reduces this formulation
to the original setting.

The factorized Bernoulli formulation assumes independence across latent attribute dimen-
sions. We adopt this formulation because it enables efficient learning and generation.
However, this independence assumption may limit its ability to capture dependencies among
latent attributes that could exist in real-world data. To examine this trade-off, in Appendix C,
we further compare the factorized formulation with a dependency-aware latent attribute
variant. The results show that the dependency-aware variant does not consistently improve
performance, while requiring more parameters than NOAH, indicating that NOAH offers a
favorable trade-off between expressiveness and parameter efficiency.
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In addition, the learned latent attribute probability matrix ® is not necessarily identifiable,
since different latent representations may induce similar hyperedge likelihoods. Thus, ®
should not be interpreted as a uniquely recoverable estimate of true node attributes. Rather,
it serves as a latent representation that captures node-level tendencies useful for reproducing
realistic hyperedge formation patterns.

6.2.2 Fitting without pre-existing attributes

For parameter fitting, we extend NOAHFIT to NOAHFIT- X, which jointly tunes the attribute
assignment probability matrix @ defined in Sect.6.2.1 and the parameters of NOAH. The
key idea is to replace the deterministic attribute lookup in NOAH with its expectation under
®, yielding differentiable attachment probabilities. This allows NOAHFIT- X to optimize
both the NOAH parameters and @ within the same likelihood-based fitting framework as
NOAHFIT (Sect.5).

Following Sect. 5.2, we define the likelihood of each hyperedge e € £ as PA(e|C ,F, ®,
Pseed> ©c. ©F) and denote it by PA(e) for brevity. As before, PAe) is decomposed into
two components, P2 . (e) and Pf‘r“inge (e), which correspond to the likelihoods of core group
construction and fringe node attachment, respectively.

Likelihood of Sampling Core Nodes.

Recall that P.ore (¢) in Eq. (8) depends on the core-core attachment probability Pe (v |vs, Oc).
To incorporate uncertainty in attributes, we replace Pc with its expectation under ® and
define PCA (velvs, Oc, @), the probability that a seed core node v attaches to another core
node v, € C \ {vy}, as follows:

k
Pé4 (Uc|vx) = EX [1—[121 H(CZ) [X§1)’ XE-[)]]

k
=[], 010,01 x (1= 9{") x (1 =) + 6210, 11 x (1 = 9"
x ¢ +0011,01x 60 x (1= ¢) + 001111 x 8D x 6Dy, (28)

where we omit ®¢ and ® for brevity. By replacing P¢ with Pé‘ in Eq. (9), we obtain PC*(‘)re (e)
for the unavailable attribute setting. Note that PCA reduces to the original Pc when @ is binary
(ie., ® =X).

Likelihood of Sampling Fringe Nodes.
Similarly, to incorporate @ in Pfﬁnge (e), we replace Pr with its expectation under ® and

define P]A}(v f1Ce, ® 7, ®), the probability that a fringe node vy € F attaches to the core
group C, = C N e, as follows:

k
PR (vfICe) = Ex [lel 0% 1xc). x;”]}
k
=T, 6510.01x (1 = ¢¢)) x (1 = ¢) +6570, 11 x (1 — b))
x ¢ +0P01,01x ¢ x (1 - D) +0%11,11x ¢ x ), (29)
where ¢ge) = ﬁ ZUC ec, 5.” denotes the expectation of the /-th attribute for core group

C.. By replacing Pr with P]‘? in Eq. (11), we obtain Pfﬁnge (e) for the unavailable attribute
setting. Note that Pﬁ reduces to the original P~ when @ is binary (i.e., ® = X).

@ Springer



From binary to general attributes: attributed hypergraph generation... Page 19 of 52 245

Update of Parameters.
Finally, NOAHFIT- X jointly optimizes ® and the parameters of NOAH by minimizing the
same loss function defined in Sect. 5.4, while treating ® as additional learnable variables.

6.2.3 Hypergraph generation without pre-existing attributes

As described above, by using NOAHFIT- X, we obtain the estimated NoAH parameters
(Pseeds Oc, OF) together with the attribute assignment probability matrix ®. We now
describe how to generate hyperedges using ® without pre-existing attributes. The key design
choice is how to sample latent attributes from @ during generation, which leads to two genera-
tion schemes with distinct strengths, NOAH- X and NOAH- X*. NOAH- X samples attributes
once globally and reuses them across all hyperedges for efficiency, whereas NOAH- X* per-
forms attribute resampling for each hyperedge, yielding greater diversity. Both schemes
preserve the original generative steps of NOAH for sampling a seed node, constructing a
core group, and attaching fringe nodes; they differ only in how latent attributes are sampled.
NOAH- X: Global Attribute Sampling.

NOAH- X determines all node attributes at the beginning by sampling latent node attributes
once for each node and then generates hyperedges using original NOAH using the sampled
attributes. Specifically, we draw X as follows:

X~ PX|®), (30

where P (X | @) is the factorized Bernoulli model in Eq. (27). That is, for each node v; € V
and attribute [ € {1, ..., k}, we sample il@ ~ Bernoulli(qbl.(l)) independently. Then, given
the sampled attribute matrix X, NOAH- X generates each hyperedge e by following the same
procedure as NOAH, as described in Sect. 4.
NOAH- X*: Hyperedge-wise Attribute Sampling. In contrast with NOAH- X, which samples
node attributes once at the global level, NOAH- X* resamples latent attributes on the fly during
the generation of each hyperedge to reflect the uncertainty encoded in ®.

Specifically, for each hyperedge e, NOAH- X* samples hyperedge-specific attributes X,
from the same factorized Bernoulli model as in Eq. (30). That is, igz ~ Bernoulli(gbi([)) inde-

pendently for all nodes v; € V and attribute dimensions [ € {1, ..., k}. Conditioned on f(e,
the hyperedge is then generated following the original procedure of NOAH, as described in
Sect. 4. This sampling and generation process is repeated independently for each hyperedge,
allowing different attributes to be used across hyperedges. This design reflects the observa-
tion that, in real-world hypergraphs, node attributes or states can be edge dependent [2, 5,
36, 37], varying according to the particular hyperedge in which the node participates.

Compared to NOAH- X, NOAH- X* increases diversity across generated hyperedges by
resampling attributes for each hyperedge, especially when @ contains substantial uncertainty,
that is, when it is far from a binary matrix. We empirically confirm this effect in Sect.7.7
through hyperedge diversity analysis, and we show the diversity produced by NOAH- X™ is
closer to the ground truth than that produced by NOAH- X. Note that both NOAH- X and
NOAH- X* reduce to original NOAH when @ is binary (i.e., ® = X), since the sampled
attributes then coincide with the deterministic attribute matrix.

Complexity Analysis of NOAH- X and NOAH- X*.

We provide the time and space complexity analysis of NOAH- X and NOAH- X*. Both
methods inherit the complexity of NOAH, with additional overhead arising from node
attribute sampling. A single run of node attribute sampling takes O (k|V|) time. Since NOAH-
X performs this step only once, its additional time complexity is O (k|V]). On the other hand,

@ Springer



245  Page 20 of 52 J.Chunetal.

NOAH- X* performs node attribute sampling for each of the m hyperedges, leading to an
additional time complexity of O (mk|V|). For space complexity, both methods require storing
the sampled node attributes, which takes O (k|V|) space. Therefore, when combined with the
complexity of NOAH in Sect. 4.3 (time complexity O (mk|)V|), space complexity O (k)), both
NOAH- X and NOAH- X* have overall time O (mk|V|) and space complexity O (k|V|).

7 Experiments

In this section, we present experimental results demonstrating the effectiveness of NOAH
and NOAHFIT.

7.1 Experimental settings

Datasets. We use nine real-world hypergraphs from four distinct domains (see Table 2 for
some statistics):

e Academic Paper Domain (Citeseer, Cora [38]): Each node is an academic paper. For
the Citeseer dataset, each hyperedge is a set of papers co-cited by a paper, and for the
Cora dataset, each hyperedge is a set of papers (co-)authored by the same author. Node
attributes are binary bag of words, indicating whether a paper includes each keyword or
not.

e Contact domain (High School [39], Workspace [40]): Each node is an individual, and
each hyperedge is a group of individuals in contact during a time interval. For the High
School dataset, node attributes include gender, class affiliation, and Facebook account
ownership. For the Workspace dataset, node attributes represent the department of each
worker. For the main experiments, we apply one-hot encoding to convert categorical
attributes into binary attributes.

e Review Domain (Amazon Music [41], Yelp Restaurant, Yelp Bar [42]): Each node is
areviewer, and each hyperedge is a group of reviewers who reviewed a certain product or
business. Node attributes indicate the types of products or businesses that each reviewer
has reviewed at least once.

e Online Q&A Domain? (Devops, Patents): Each node represents a user on Stack
Exchange, and each hyperedge corresponds to a post involving a set of users. Node
attributes indicate the set of tags associated with the posts each user has participated in.

Note that our experiments are done with varying numbers of attributes, scaling from 5
(Workspace) to 3,703 (Citeseer). Some datasets are constructed from temporally ordered
events. In the main experiments, we treat all datasets as static attributed hypergraphs, while
we additionally examine the effect of incorporating temporal attributes on the review domain
datasets and online Q&A-domain datasets in Appendix B.

Baselines.

We consider eight baseline generative models: HYPERCL [7], HYPERPA [6], HYPERFF [43],
HYPERLAP [7], hyper dK [44], THERA [8], HYCOSBM [12], HYREC [45]. Among the base-
lines, HYCOSBM explicitly utilizes node attributes. For HYPERCL, HYPERLAP, and hyper
dK-series (hyper dK), since node identities are preserved in the generated hypergraphs, we
assign node attributes based on their correspondence to the original nodes. For HYPERPA,

2 https://archive.org/download/stackexchange.
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Table 2 Summary statistics of 9

real-world hypergraphs from 4 Dataset id €l k il 71

domains Citeseer 1458 1079 3703 597 861
Cora 2388 1072 1433 841 1547
High School 327 7818 12 288 39
Workspace 92 788 5 71 21
Amazon Music 1106 686 7 379 727
Yelp Restaurant 565 594 9 273 292
Yelp Bar 1234 1188 15 625 609
Devops 5010 5684 429 2003 3007
Patents 4458 4669 2170 894 3564

|V|: the number of nodes. |£|: the number of hyperedges. k: the number
of attributes. The core-set size |C| and the fringe set size | F| are obtained
by NOAHFIT

HYPERFF, THERA, and HYREC, where node identities are not preserved during the genera-
tion process, we assign node attributes randomly. The hyperparameter search spaces for our
method and the baselines are detailed in Appendix A.

Evaluation.

We compare NOAH and the baselines in terms of their ability to reproduce the structure—
attribute interplay observed in real-world hypergraphs based on the metrics described in
Sect. 3.2. For type-s affinity ratio scores, we evaluate hypergraph generators by comparing
the sum of log-scaled differences between the ground truth and the generated hypergraphs
overall? e [1, s]and all attributes. For (higher-order) hyperedge entropy and node homophily
score, since they are presented as distributions for each attribute, we calculated the sum of
Wasserstein distance between the ground truth and generated hypergraphs. We denote type-
s affinity ratio scores as Ts, hyperedge entropy as HE, higher-order hyperedge entropy as
HOHE, and node homophily score as NHS. For each metric and dataset, we compute both
the raw values and the rankings of all compared models.

Machines.
We conducted all experiments on a server with RTX A6000 GPUs.

7.2 Performance comparison

As shown in Table 3, NOAH achieves the best average rank in 5 out of 9 datasets. Averaged
over nine datasets, NOAH ranks first in four metrics (type-3 affinity score, type-4 affinity
score, hyperedge entropy, and node homophily score), second in type-2 affinity score and
higher-order hyperedge entropy. These results demonstrate the overall superiority of NOAH
in capturing the structure—attribute interplay of real-world hypergraphs.

However, there are cases where NOAH underperforms. First, its relatively low performance
in the online Q& A-domain datasets (Devops and Patents) is likely due to the weak correlation
between attribute and structure in these datasets. In the datasets, baselines that explicitly pre-
serve degree and size distributions, including HYPERCL, HYPERLAP, and hyper dK, perform
well. Second, higher-order hyperedge entropy (HOHE) remains a relatively challenging met-
ric for NOAH. While NOAH is competitive with THERA on average, HYPERLAP achieves a
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Fig.3 O(Cl) and 0(;-) estimated by NOAHFIT on the Amazon Music dataset. NOAHFIT captures homophily by
assigning higher affinities to same attribute value pairs (0 <> 0 and 1 <> 1) than to different attribute value
pairs (0 < 1)

better average rank on HOHE. This is because, due to the label propagation steps, HOHE is
strongly influenced by hyperedge overlaps, which HYPERLAP and THERA explicitly target.

7.3 Case study

To gain deeper insight into the effectiveness of NOAH, we conduct a case study on the Amazon
Music dataset [41]. In the Amazon Music dataset, a value of the first node attribute indicates
whether a reviewer has reviewed music in the New York Blues genre (1) or not (0). For this
attribute, we compare the structure—attribute interplay metrics between (1) the ground truth
hypergraph, (2) the hypergraph generated by HYPERCL, and (3) the hypergraph generated by
NOAH with NOAHFIT. As shown in Fig. 1 in Sect. 1, the distributions of hyperedge entropy
and node homophily scores are highly skewed toward 0 and 1, respectively. Additionally, the
type-(4, 4) affinity ratio score is high for both attribute values 0 and 1, indicating that many
size 4 hyperedges consist of nodes sharing the same value for the first attribute. These results
suggest that nodes in the Amazon Music dataset exhibit strong homophily with respect to
the first attribute, and that the node attribute plays a crucial role in hypergraph formation.
Whereas the baseline model, HYPERCL, fails to capture this structure—attribute interplay,
NOAH successfully captures it through the use of affinity matrices shown in Fig. 3.

7.4 Ablation study

To assess the contribution of the core—fringe node hierarchy in NOAH, we compare its
performance with two variants: NOAH-noCF, which omits this hierarchical structure, and
NoOAH-dCF, which selects the same number of cores as NOAH based on the highest degrees.
In NOAH-noCF, each hyperedge is generated by sampling a seed node from the entire
node set and attaching additional nodes directly, without distinguishing between core and
fringe roles (and therefore without collective consideration of multiple core nodes), whereas
NOAH-dCF follows the generation scheme of NOAH but differs only in the core selection
algorithm. As reported in Table 4, NOAH-noCF consistently performs the worst among
the three variants, which demonstrates the importance of introducing the core—fringe hier-
archy in realistic hyperedge formation. Moreover, NOAH-dCF substantially improves upon
NOAH-noCF across all datasets, showing that introducing a core—fringe split itself already
provides large benefits. At the same time, NOAH achieves the best average rank overall and
outperforms NOAH-dCF on most datasets, indicating that the effectiveness of NoAH comes
not only from the existence of the split, but also from the quality of the UMHS-based core
selection.
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Fig. 4 NOAHFIT scales nearly linearly with the number of hyperedges and remains almost constant with
respect to the number of attributes. NOAH scales nearly linearly with both the number of hyperedges and
attributes

7.5 Scalability analysis

We evaluate the scalability of our fitting algorithm, NOAHFIT, and our generative model,
NOAH, with respect to the number of hyperedges and attributes. To this end, we scale up the
Workspace dataset by factors ranging from 2 to 512. Figure 4 shows the runtime of fitting
and generation as functions of the number of hyperedges and attributes, plotted on a log-
log scale. The proposed fitting algorithm, NOAHFIT, scales nearly linearly with the number
of hyperedges and remains almost constant with respect to the number of attributes. The
proposed generative model, NOAH, scales near linearly with both the number of hyperedges
and the number of attributes. These results demonstrate the scalability of both the fitting and
generation components of our framework.

7.6 NoAH with non-binary attributes

We examine the behavior of NOAH with non-binary node attributes, specifically categorical
and continuous attributes, using the extensions described in Sect. 6.1.
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7.6.1 Experimental setup

Datasets.

For categorical attribute settings, we use the contact domain datasets (High School and
Workspace) described in Sect.7.1, in which each attribute takes values from a finite set of
categories. For continuous attribute settings, we use the PubMed [38] dataset, a co-citation
hypergraph where each node represents a publication and each hyperedge represents a set of
publications co-cited by a publication. Node attributes are provided as TF-IDF vectors. The
PubMed dataset contains 3,840 nodes, 7,963 hyperedges, and an attribute dimension of 500.

Baselines.

For categorical attribute settings, we compare the categorical extension of NOAH (denoted as
NOAH-categorical) against the binary attribute version of NOAH (denoted as NOAH-binary)
and the two strongest baselines in terms of structure—attribute interplay (i.e., hyper dK and
THERA). For continuous attribute settings, we compare two continuous versions of NOAH,
NoAH-continuous and NOAH-neural (described in Sect.7.6.3), against the two strongest
baselines in terms of structure—attribute interplay (i.e., hyper dK and THERA).

Evaluation.

For categorical attribute settings, we employ the structure—attribute interplay measures (type-
s affinity ratio scores, hyperedge entropy, and node homophily score), described in Sect. 3.2,
for evaluation. For continuous attribute settings, since we cannot directly apply the structure—
attribute interplay metrics in Sect. 3.2, which are specific to discrete attributes, we examine
continuous attribute coherence at the node and hyperedge levels using cosine similarity
on TF-IDF feature vectors. Specifically, we use (1) node cosine similarity measures: For
each node, we compute the average cosine similarity between its attribute vector and those
of its neighbors, yielding a distribution over nodes; and (2) hyperedge cosine similarity
measures: For each hyperedge, we compute the mean pairwise cosine similarity over all node
pairs within the hyperedge, yielding a distribution over hyperedges. For each measure, we
visualize the resulting distributions using histograms and quantify the discrepancy between
the generated and ground truth distributions using the Wasserstein distance.

7.6.2 Results on categorical attributes

Table 5 reports the structure—attribute interplay evaluation in the categorical attribute set-
ting. Overall, NOAH-categorical attains competitive average ranks across datasets and, on
average, improves upon both the binary attribute variant (NOAH-binary) and the strongest
baselines (hyper dK and THERA) in terms of structure—attribute interplay. Compared with
NOAH-binary, NOAH-categorical improves most type-s affinity ratio metrics, reducing the
discrepancies for T2 and T3 on both datasets and for T4 on Workspace. Since type-s affinity
ratio scores capture fine-grained hyperedge-level structure—attribute patterns, these results
suggest that explicit categorical modeling helps reproduce such patterns more faithfully
than naively reducing categorical attributes to binary representations. NOAH-categorical
also improves NHS on both datasets, indicating better reproduction of node-level homophily
patterns.

7.6.3 Results on continuous attributes

We present a case study on the PubMed dataset with continuous TF-IDF attributes. We
first apply the continuous version of NOAH, denoted by NOAH-continuous, which uses the
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Fig. 5 A case study on the PubMed dataset with continuous attributes. We compare the distributions of
(left) node cosine similarity (average attribute similarity between a node and its neighbors) and (right)
hyperedge cosine similarity (mean pairwise attribute similarity over node pairs within a hyperedge). Both
NOAH-continuous and NOAH-neural yield lower Wasserstein distances than hyper dK and THERA, indicat-
ing that NOAH-based continuous attribute modeling better captures attribute-based interactions at both node
and hyperedge levels. Moreover, NOAH-neural achieves the lowest Wasserstein distances among the com-
pared methods, showing the potential benefit of using a more expressive neural affinity function for continuous
attributes

bilinear continuous affinity formulation described in Sect. 6.1.2. To examine whether a more
expressive affinity function can better capture continuous attribute—structure relationships, we
also consider a neural variant, NOAH-neural. NOAH-neural replaces the bilinear interpolation
in Eq. (23) with a lightweight neural affinity function. For each attribute /, a shared one-layer
MLP maps a pair of projected continuous values to a hidden representation, and an attribute-
specific output head maps it to an affinity score in [0, 1]. The resulting affinity scores are
multiplied across attributes, following the same multiplicative structure as NOAH-continuous.
Although NOAH-neural is more expressive than NOAH-continuous, this comes at the cost
of the simplicity and interpretability of the bilinear formulation.

Figure 5 shows the distributions of the node and hyperedge cosine similarity measures for
the ground truth hypergraph and those generated by THERA, hyper dK, NOAH-continuous,
and NOAH-neural, with the Wasserstein distance from each generated distribution to the
ground truth distribution. Compared to the baselines, both NOAH-continuous and NOAH-
neural produce distributions that more closely follow the trend of ground truth. In particular,
they place greater mass on higher cosine similarity values, which is consistent with generating
interactions among nodes with more similar attributes. Correspondingly, both NOAH-based
continuous variants achieve smaller Wasserstein distances than THERA and hyper dK, sug-
gesting that they better preserve attribute—coherence patterns at both node and hyperedge
levels. Between the two variants, NOAH-neural further reduces the Wasserstein distances
compared to NOAH-continuous, suggesting that its more expressive neural affinity function
better captures continuous attribute—structure relationships on the PubMed dataset. At the
same time, the gap between NOAH-neural and NOAH-continuous remains relatively small
in this case study, indicating that the original bilinear formulation still serves as an effective
continuous extension of NOAH while remaining simple and interpretable.
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Fig.6 Hyperedge diversity in the setting without pre-existing attributes. We report the distribution of pairwise
similarity between (the node sets of) generated hyperedges in terms of Jaccard similarity. NOAH- X tends
to yield more highly similar hyperedge pairs, whereas NOAH- X* more closely matches the ground truth
distribution by increasing diversity through hyperedge-wise attribute sampling

7.7 Setting without pre-existing attributes

In this subsection, we evaluate NOAH- X and NOAH- X", the extensions of NOAH for the
setting without pre-existing attributes (Sect. 6.2), by examining whether they can reproduce
realistic structure—attribute interplay in the absence of pre-existing attributes.

7.7.1 Experimental settings

We use the review domain datasets (Amazon Music, Yelp Restaurant, and Yelp Bar) with
moderate attribute dimensions. Specifically, we retain the hypergraph structure H = (V, &)
while withholding the ground truth attribute matrix X during fitting and generation; X is used
only for evaluation.

We compare NOAH- X and NOAH- X* with hyper dK and THERA, the two baseline
methods that best reproduce structure—attribute interplay (Table 3). We also include NOAH
(fitted by NOAHFIT), which relies on pre-existing attributes, for comparison. Both NOAH- X
and NOAH- X* are fitted by NOAHFIT- X, where the latent attribute dimension k is treated
as a hyperparameter. As a reference setting, we first report the results obtained when k is
set to the ground truth attribute dimension in Sect.7.7.2, and we further evaluate a range of
alternative values of k in the sensitivity analysis in Sect.7.7.3.

As an additional comparison, we further examine the limitation of the factorized Bernoulli
assumption by considering a categorical latent attribute variant that can represent dependen-
cies among multiple binary attributes; details and results are provided in Appendix C.

All methods are evaluated using the structure—attribute interplay measures described in
Sect. 7.1, computed with the ground truth attributes for evaluation.

7.7.2 Performance comparison

As shown in Table 6, NOAH reproduces the structure—attribute interplay best overall, as
expected, since it leverages pre-existing attributes during both fitting and generation. Among
methods that do not rely on pre-existing attributes, NOAH- X* performs best. It outperforms
NOAH- X, hyper dK, and THERA in terms of average rank across interplay metrics. In partic-
ular, NOAH- X" frequently ranks among the top methods across multiple metrics and is often
competitive even with NOAH. These results indicate that NOAH- X* faithfully reproduces
attribute-dependent interaction patterns despite the absence of pre-existing attributes.
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Fig.7 Generation runtime of NOAH- X and NOAH- X* with respect to the latent attribute dimension on the
review domain datasets. Both methods scale nearly linearly with the number of attributes, while NOAH- X*
incurs higher runtime due to hyperedge-wise attribute sampling

As discussed above, NOAH- X* with hyperedge-wise attribute sampling generally out-
performs NOAH- X with global attribute sampling. This is because hyperedge-wise attribute
sampling increases the diversity of generated hyperedges, better reflecting the randomness
encoded in ®, whereas global attribute sampling tends to produce more highly similar hyper-
edges. This difference is illustrated in Fig. 6, where we compare hyperedge diversity profiles
measured by the distribution of pairwise Jaccard similarity between (the node sets of) hyper-
edges. Note that NOAH- X* yields a hyperedge-diversity profile that more closely matches
the ground truth, whereas NOAH- X produces a larger fraction of highly similar hyperedge
pairs.

7.7.3 Sensitivity analysis

We examine the sensitivity of NOAH- X and NOAH- X* to the latent attribute dimension k. To
this end, besides the setting where k is chosen to match the ground truth attribute dimension,
we evaluate both methods with k € {4, 8, 16, 32, 64, 128} on the review domain datasets.
The results are reported in Table 7. Overall, the choice of k affects the performance of both
methods, and the best value depends on the dataset and generation scheme. While larger
values of k tend to perform better than very small ones, the improvement is not consistent
across all cases. This suggests that k can be treated as a hyperparameter and tuned based on the
structure—attribute interplay measures. Notably, under most settings, NOAH- X and NOAH-
X* outperform the baselines without pre-existing attributes, whose results are reported in
Table 6.

7.7.4 Runtime analysis

We also compare the generation runtime of NOAH- X and NOAH- X* with respect to the
latent attribute dimension k. Figure 7 reports the runtime on the review domain datasets as
k varies over {4, 8, 16, 32, 64, 128}. Compared to NOAH- X, NOAH- X" incurs additional
overhead because it resamples latent attributes for each generated hyperedge. Nevertheless,
both methods scale near linearly with k, as indicated by regression line slopes smaller than
one on a log-log scale.

7.8 Further analysis

Additionally, we examine the structural patterns of hypergraphs generated by NOAH in terms
of (1) node degrees, (2) hyperedge sizes, and (3) singular values. These properties are known
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Fig.8 Structural patterns of real-world hypergraphs (

(d) Devops

) and those generated by NOAH tuned by NOAHFIT

(red). These results demonstrate that, despite its focus on structure—attribute interplay, NOAH also successfully

reproduces purely structural patterns
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to follow heavy-tailed distributions in real-world hypergraphs [20]. In Fig.8, we visually
demonstrate that NOAH with NOAHFIT reproduces such structural patterns, which closely
resemble those of the input hypergraphs.? We also present a detailed evaluation on structural
metrics in Appendix D, where we show that, despite its focus on structure—attribute interplay,
NOAH achieves competitive results on purely structural patterns (with an average rank of
4.6, when compared with 8 structure-focused methods).

8 Conclusions and discussion

In this work, we proposed NOAH, a stochastic generative model for attributed hypergraphs
that reproduces realistic interplay between structure and node attributes. By leveraging a
two-level node hierarchy, core and fringe nodes, NOAH formulates hyperedge generation as
sequential attachment of nodes (first cores, then fringes), where attachment probabilities are
governed by node attributes. We also introduced NOAHFIT, a parameter estimation algorithm
that fits NOAH to a given hypergraph by estimating affinity matrices and seed core probabili-
ties. Across nine real-world hypergraphs and six structure—attribute interplay metrics, NOAH
with NOAHFIT achieves the best overall average rank among the nine evaluated methods.
In addition, we broadened the applicability of NOAH in two directions. First, we extended
NOAH and NOAHFIT to support categorical and continuous node attributes through gen-
eralized affinity formulations. Second, for settings without pre-existing node attributes, we
proposed NOAHFIT- X, which jointly learns latent node attributes together with the param-
eters of NOAH, along with generation methods based on latent node attributes.

Relevance to Data Mining and Broad Impact.

The proposed framework aligns with the fundamental goal of data mining: finding models
that explain complex, large-scale data. By generating realistic data, it may support diverse
applications in domains where hypergraphs naturally arise, enabling statistical analysis, sim-
ulation, and data anonymization.

Limitations and Future Directions

The design of NOAH is intentionally simple and interpretable, relying on a core—fringe
node hierarchy and a multiplicative affinity formulation. This design choice supports scala-
bility and interpretability but may limit the expressiveness of NOAH in capturing complex
attribute—structure relationships in real-world hypergraphs. Our continuous attribute experi-
ments partially illustrate this trade-off: The neural affinity variant, which is more expressive
than the bilinear formulation, further improves the results at the cost of simplicity and
interpretability. Moreover, NOAH captures dependencies among hyperedges only implic-
itly through shared parameters and assumes a fixed two-level node hierarchy. Future work
may therefore explore multi-level or context-dependent node roles and explicitly model
dependencies across hyperedges. Finally, NOAH is currently limited to static, homogeneous,
undirected hypergraphs with unweighted hyperedges. Extending it to temporal and hetero-
geneous settings, as well as directed, weighted, and role-aware [37] group interactions, is a
natural direction for future work.

3 We note that the fit on the Workspace dataset appears relatively weaker than on the other datasets. A likely
reason is that it has a distinctive structural pattern: it is the smallest dataset in our experiments, and its node
degree and hyperedge size distributions are relatively discrete and narrow, with hyperedge sizes concentrated
between 2 and 4. In contrast, NOAH is particularly effective at reproducing heavy-tailed structural patterns
commonly observed in real-world hypergraphs. Thus, the narrower structural distributions of the Workspace
dataset may make its structural patterns more challenging for NOAH to reproduce accurately.
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Appendix A Detailed model configurations
The hyperparameter search space for each baseline and NOAH was set as follows:

e HYPERCL and HYPERLAP: Models utilize the degree and hyperedge size distribution of
the input hypergraph.

e HYPERPA: Model utilizes the distribution of hyperedge size and number of new hyper-
edges for a new node of the input hypergraph.

e HYPERFF: p € {0.42,0.45,0.48} and ¢ € {0.1, 0.2, 0.3}

e hyper dK: Model utilizes the degree and hyperedge size distribution of the input hyper-
graph, and additional parameters (d,, d.) € {(0, 0), (0, 1), (1, 0)}

e THERA: Model utilizes the hyperedge size distribution of the input hypergraph. For
parameters we tested C € {8, 12, 15}, p € {0.5,0.7,0.9}, @ € {2, 6, 10}.

e HYCOSBM: y € {0.0,0.1,...,0.9}

e HYREC: Forall dataset, L = 2, E=100000. For Stack domain, A; € {10, 100, 1000}, A €
[10, 100, 1000]. For other domains, A4 € {0, 0.1, 0.01}, A; € {0, 1, 2}.

e NOAH: For all dataset, T = 500, n = 0.01. For Stack domain, wg., € {10, 100, 1000},
Weara € [10, 100, 1000]. For other domains, wgeg € {0, 0.1, 0.01}, weqrg € {0, 1, 2},

Appendix B Experiments on temporal attributes

Although NOAH is designed as a static attributed hypergraph generator and does not explicitly
model temporal dynamics, we additionally examine whether simple temporal information can
be incorporated into NOAH as node attributes. To this end, we conduct additional experiments
on the review domain datasets (Amazon Music, Yelp Restaurant, and Yelp Bar) and online
Q&A-domain datasets (Devops and Patents), which are constructed from temporally ordered
events.

For each node, we define its appearance timestamps based on the temporal events in
which it participates. In the review domain datasets, where nodes represent reviewers and
hyperedges represent groups of reviewers who reviewed the same product or business, the
appearance timestamps of a node correspond to the review timestamps of the corresponding
reviewer. In the online Q&A-domain datasets, where nodes represent users and hyperedges
represent posts involving groups of users, the appearance timestamps of a node correspond
to the timestamps of the posts in which the corresponding user participated.

Specifically, for each node, we construct temporal attributes using binary temporal bins.
We divide the interval between the global minimum and maximum timestamps into equally
spaced bins and assign each node a binary value for each bin indicating whether the node
appeared in that bin. These binary temporal bin attributes are concatenated to the original
binary node attributes. For Amazon Music, which has a relatively small original attribute
dimension (k = 7), we use 3 temporal bins. For the other datasets, we use 10 temporal bins.
Since both the original attributes and the temporal bin attributes are binary, all attributes are
handled using the original binary affinity formulation of NOAH. The final attachment prob-
ability is obtained by multiplying the affinity scores over both the original binary attributes
and the added temporal bin attributes, following the same multiplicative structure as NOAH.

We compare NOAH with additional temporal attributes (NOAH w/ time) against the orig-
inal model with only binary attributes (NOAH w/o time), as well as hyper dK and THERA,
which are the two strongest baselines in terms of structure—attribute interplay. All methods
are evaluated using the same structure—attribute interplay measures described in Sect.7.1.
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We report the results in Table 8. As shown in the table, adding temporal bin attributes
generally improves the performance of NOAH. Compared with NOAH without temporal
attributes, NOAH with temporal attributes achieves better average ranks on several datasets,
including Yelp Restaurant, Yelp Bar, and Devops, and improves the overall average rank
across the five temporal datasets. These results suggest that temporal information can provide
useful additional signals even when simply incorporated as static binary node attributes.

Appendix C Experiments on modeling dependencies across latent
Attributes

To further examine the effect of the independence assumption in the factorized Bernoulli
formulation in Eq. (27), we conduct an experiment on modeling dependencies across latent
attributes. The original formulation represents latent attributes as multiple independent binary
dimensions and therefore does not explicitly model dependencies across latent attribute
dimensions. As an alternative, we consider a dependency-aware categorical formulation that
replaces multiple binary latent attributes with a single categorical latent attribute. This for-
mulation can, in principle, represent dependencies among the corresponding binary states.

In this experiment, we use one categorical latent attribute with 25 = 32 possible values,
corresponding to the state space of five binary attributes. This design substantially increases
the number of affinity parameters: the dependency-aware categorical formulation uses a
2’ x 23 affinity matrix, containing 2'° parameters. For comparison, the largest binary setting
in our sensitivity analysis uses k = 128 = 27, which corresponds to 27 binary 2 x 2 affinity
matrices, i.e., 2° parameters in total.

Table 9 reports the results. Overall, the dependency-aware categorical formulation does not
outperform the factorized binary formulation, even though it uses more affinity parameters
than the largest binary setting. This suggests that, in our setting, the factorized Bernoulli
formulation provides a favorable trade-off between expressiveness and parameter efficiency,
despite its simplifying independence assumption.

Appendix D Performance comparison on structure

In this section, we evaluate NOAH along with 8 baseline generators in Sect.7. We evaluate
ten structural properties:

e S1.Degree: Degree of anode v, d(v) is defined as the number of hyperedges containing
v,i.e.,d(v) = |{e € £ : v € e}|. The degree distribution tends to have a heavy tail in the
real world, which can’t be reproduced in random models [43].

e S2. Pair Degree (Pair Deg.): Pair degree of two nodes u and v is defined as the number
of hyperedges containing both u and v, i.e., |[{e € £ : u € e, v € e}|. The distribution of
nonzero pair degree tends to have a heavier tail in the real world compared to randomized
models [7].

e S3. Size: Size of a hyperedge e, s(e) is defined as the number of nodes contained in e,
i.e., s(e) = |{v € e}|. The size distribution tends to have a heavy tail in the real world,
which can’t be reproduced in random models [43].

e S4. Intersection Size (Int. Size): Intersection size of two hyperedges e; and e; is defined
as the number of nodes contained in both e; and ej, i.e., [{v € V : v € ef,v € e2}].
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The distribution of nonzero intersection size tends to be heavy-tailed in real-world hyper-
graphs [43].
e S5. Singular Values (SV): Singular values are derived from the incidence matrix of a
2
hypergraph. Specifically, foreachi € 1, ..., R, we calculate the ratio %2, where s;

k=15k
denotes the i-th largest singular value and R denotes the rank of the incidence matrix.

These values reflect the variance captured by the associated singular vectors [46], and in
many real-world hypergraphs, they are often highly skewed [43].

e S6. Connected Component Size (CC): We consider the proportion of nodes contained
within each i-th largest connected component in the clique expansion of a hypergraph. The
clique expansion of a hypergraph refers to the undirected graph formed by substituting
each hyperedge e € £ with a clique with the nodes in e. In a real-world hypergraph,
clique expansion has a giant connected component comprising a majority of nodes [6].

e S7. Global Clustering Coefficient (GCC): C,, the Local clustering coefficient of a node
v, is defined as follows:

the number of triangles involving v
Cy:=2x

the number of connected triplets involving v’ ®h
We estimate the global clustering coefficient by averaging local clustering coefficients
in the clique expansion (defined in S6) of a hypergraph using [47]. This statistic tends to
be larger in real-world hypergraphs than in uniform random hypergraphs [6].

e S8. Density: We consider the density which is defined as the ratio of the number of nodes

to the number of hyperedges, i.e., % [48]. Hypergraphs within the same domain tend to
exhibit similar levels of density significance [7].

e S9. Overlapness (Overlap.): We consider the overlapness which is defined as
Y ecs % [7]. Hypergraphs within the same domain tend to exhibit similar levels of
overlapness significance [7].

e S10. Effective Diameter (Diam.): We consider the effective diameter which is defined
as the smallest d € Z such that the paths of length at most d in the clique expansion
(defined in S6) connect 90% of reachable pairs of nodes [49]. This statistic tends to be
small in real-world hypergraphs [43].

We used the Kolmogorov—Smirnov (D-statistic) for degree, size, pair degree, and inter-
section size, root mean square error (RMSE) for singular values, clustering coefficients,
density, and overlapness, and relative difference for effective diameter. The results are sum-
marized in Table 10. Although NOAH primarily targets structure—attribute interplay, it also
performs competitively on purely structural patterns, ranking an average of 4.6 compared
with 8 structure-focused methods.
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